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Abstract-The linear and non-linear dynamic behavior of plates at elevated temperatures are examined.
Analytical solutions for the buckling and post-buckling behavior are obtained. A aenera! formula is then
presented which links the fundamental frequency of vibration to the critical buckling temperature and the
corresponding frequency of the unheated plate. The behavior of certain visco-elastic plates is also
considered and a criterion for thermal buckling is presented. The analysis may be interpreted as an
extension of Williams analysis of long narrow plates, for plates of finite aspect ratio.

I. INTRODUCTION

A simple and yet sufficiently accurate method for the analysis of static and dynamic behavior of
heated plates has recently been suggested by PaI[l-3]. This method is based upon the "Berger
technique"[4] which neglects the second strain invariant in the expression for the total strain
energy of the plate. The governing equations thus obtained are uncoupled quasi linear
differential equations. Pal has established that Berger's approach yields results sufficient for all
practical purposes in engineering.

The purpose of the present investigation is to study the vibration of both elastic and
viscoelastic plates at elevated temperatures using the Berger technique in greater detail and
obtain a general formula which links the fundamental frequency to the critical buckling
temperature and the corresponding fundamental frequency of the unheated plate. A criterion
for thermal buckling is then presented. On the basis of this analysis a modification of Pal's work
is then proposed which may be used when the Berger technique is not sufficiently accurate.

2. ANALYSIS OF HEATED PLATES

By neglecting the second strain invariant and using Hamilton's principle, Pal [2] obtained the
following set of approximate equations of motion:

NT 12D
---ITel = k2 (const.)
1- II h

where el is the first strain invariant given by

au av 1e. =-+-+-/Vw/2
•ax ay 2 ~

(I)

(2)

(3)

Here u, v and w are the displacement components in the median surface in x, y and z directions
respectively, p and" are the density and Poisson's ratio of the plate material, h is the plate
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thickness, D is the flexural rigidity, q(x,y,t) is the normal pressure and, NT and MT are given by

fW2
NT = EaTdz, (4)

-W2

and

JW2MT = EazTdz (5)
-W2

Cl' being the coefficient of linear thermal expansion of the plate material, E is the Young's
modulus and T is the applied temperature field.

The corresponding equation for the special case which gives rise to a thermal buckling
problem is obtained by putting q = iJ 2wliJt2 = 0 and Mr = O. In order to assess the accuracy of
the Berger technique for this case we will compare the predicted values of the critical
temperature with those values obtained by more classical methods of analysis.

In this case eqn (1) becomes

(6)

which is identical to the governing equation for the mechanical buckling of a plate subjected to
uniform compression Nx = Ny( = N), Nxy = O. Consequently, in order for a non-trivial solution
to occur we require

(7)

where Nc is the critical buckling load. The solution for w is thus taken to be

(8)

where 5 is an arbitrary parameter and Wb is the deformation due to biaxial loading, and satisfies

(9)

If we non-dimensionalize Wb such that its maximum value is unity, then 5 may be interpreted as
the maximum deflection of the plate and has the dimension of length.

The temperature deflection curve is now obtained by substituting for W in eqn (2), viz.

which in the case of a plate whose edges are restrained from horizontal motion gives

02 J J(~-Nc)dXdY

h
2

= 6D JJIY Wbl2 dx dy

(10)

(11 )

where the integrations are carried over the total area of the plate. We thus see that the critical
buckling temperature occurs when

JJC~TII -Nc)dXdy=O.

Consequently, eqn (11) may be written as

(12)
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(13)

where we have denoted the value of NT corresponding to the critical temperature Tc as N Tc'

The above analysis is quite general and holds for plates of any shape and support
conditions. Changing either the geometry or the support conditions changes the value of Nc and
the deflected shape, i.e. w,,(x,y). Because of the similarity in the governing equations the
deflection at any point in the plate may be obtained using standard plate buckling routines, or
known solutions.

In order to assess the accuracy of the method we will consider the following cases.
Case (I). A rectangular plate with sides of length 2a and 2b subject to the parabolic

temperature variation

T(x,Y,z) =To+TI(I-(x~ar)(I-(~r)

where To and T. are constants and where the edges of the plate are simply supported.
In this case, we have [S]

• 1TX • !!l
w" =sm 2a sm 2b

(14)

(IS)

while the values of Tc are taken from Ref. [6]. The temperature-deflection relationship is
immediately obtained from eqns (4) and (3) and is shown graphically for aspect ratios 1 and 3
with TJT. as a parameter along with the corresponding results given in [6] (see Fig. 1). It is
seen that there is excellent agreement between the results obtained.

Case (2). A circular plate of radius b subjected to a uniform temperature field T(x,Y,z) = T.
In this case [S],

dw" _ yJt<'yr)
dr - Jo(yb) (16)

where yb =2.0S for simply supported edges and 3.83 for clamped edges. Here, Jo and JI are
Bessel functions of the order zero and one respectively. The value of NTr is evaluated using
eqn (2) and is found to be

N - {o- ,,)(2.oS)2hab2, for simply supported edges
Tr - (1- ,,)(3.83)2hab2, for clamped edges. (7)

Figure 2 shows the resultant relationship for both a clamped and a simply supported plate
along with the results given in [7].

Case (3). A long narrow plate strip of width b subjected to an arbitrary temperature
variation.

In this case assuming the x-axis in the direction of the longest side, the component of the
deftection in the Ydirection, i.e. v, is neglected in comparison with the components in the other
two directions, Le. II and w, which are now regarded as functions of x alone. Consequently,
eqns (6) and (2) now become respectively,

D
d4w

+k
2d2w =0 (18)dx4 dx2

and

k2= NT _12D(!(dW)2 +dll)
1-" V 2 dx dx

(19)
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Fig. 1. Comparison of results for central deflection vs temperature rise: bla = 1.0, 1/3, {3 =
I/(a(J - p2))(hIW, a =coefficient of linear thermal expansion.

which coincide exactly with the governing equations for a plate strip as derived by Williams{8].
For plates of finite aspect ratio the resultant approximation is dependent upon the value of

the critical buckling temperature. Further, in accordance with eqn (12) the present method has
been shown to predict that

(20)

where A denotes the total area of the plate and where the triple integral is over the volume of
the plate. In the case of the uniformly heated clamped circular plate considered above, eqn (20)
gives a critical temperature of 14.67 (1- v)Dhlb2cxE as against the value of 14.72 (1
lI)Dh/b2cxE given in [9]. However eqn (20) is less accurate for plates of finite aspect ratio
subject to non-uniform temperature fields as can be seen in Fig. I.

As a result of this investigation we conclude that the Berger technique provides an
adequately satisfactory method for examining the buckling behavior of plates at elevated
temperatures.

3. VIBRATION OF PLATES

Let us now examine the case of small amplitude vibration of plates at elevated tem
peratures.

In this case the expression for k2 is given by
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Fig. 2. Buckling behavior of a circular plate.

k2 = NT _12D(aU +av)
1- JI Ji2 ax ax (21)

so that if the edges of the plate are restrained from horizontal motion then the value of k2 is
given by

(22)

where N,. is the mean value of Nr. over the area of the plate. Consequently substituting for k2

in eqn (I) we obtain

(23)

which represents the resulting governing equations for the small amplitude dynamic response of
heated plates. Although this analysis is based upon an approximate technique, eqn (23) is
known to be exact for a polygonal plate subjected to a uniform temperature field[lO].

Let us now consider the free vibration problen which arises when q = Mr = 0 and for which
eqn (23) reduces to

(24)

If the temperature T is time independent then eqn (24) is identical to the governing equation for
the vibration of a plate with uniform boundary tension N" = Ny =N"I - JI, NIly = O. Con
sequently when studyil1l the free vibration problem for heated plates we may utilize existing
computer programs and known results for vibrating plates with inplane loads. As a result of this
analogy we are able to predict that the temperature-frequency relationship for a simply
supported polygonal plate is given by

(25)
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where Nf
c

is the mean value of the critical buckling temperatOre, w is the fundamental
frequency of vibration of the heated plate and We is the fundamental frequency of vibration of
the unheated plate. This analogy is an extension of the relationship proposed by Lurie[ll] and
coincides with Lurie's formulae in the case of a uniform temperature field. Furthermore, as a
consequence of the analysis presented in [12] eqn (25) also holds for both simply supported and
clamped circular and elliptical plates, and as mentioned in [13] may be used as an accurate
approximation in the case of a clamped retangular plate.

A further check on the accuracy of this analysis may be obtained by considering the case of
a vibrating clamped square plate. This problem has recently been considered in Ref. [14] where
the plate was subjected to three distinct temperature fields, two of which were non-uniform.
The frequencies obtained in[14] each satisfy eqn (25), the temperature-frequency squared
curves being linear in each case. This excellent agreement in the case of a clamped square plate
coupled with the fact that the analysis is known to be exact in the case of a simply supported
polygonal plate with uniform temperature field and the accuracy of the method for static
problems, as seen in Section 2, gives us confidence in claiming that the Berger technique is an
accurate method for obtaining close approximate solutions for the vibration of heated plates.

4. VISCOELASTIC ANALYSIS

Let us now consider the small amplitude response of a thermo-rheologically simple
viscoelastic plate. In this case in accordance with the well-known correspondence principle we
have the governing differential equation, corresponding to eqn (23) as

D( )V4 Nf V2 - 2 h V
2Mr

p W+I _ v(P) W- q - p p W- I - v(P) (26)

where p denotes the operator p == (al at), and where D(p) and v(P) are the viscoelastic time
operators corresponding to the flexural rigidity D and Poisson's ratio v in the elastic case.
Equation (26) is however identical to the governing equation for the analysis of a viscoelastic
plate with inplane loads Nx =Ny =Nf/l - v(P) and transverse load q - (V2Mr »)(1- v(p». The
behaviour of such viscoelastic plates has been studied in detaiI[15-17] so that as a consequence
of this analogy we are able to present some interesting results for the behavior of viscoelastic
plates at elevated temperatures. For example, if we consider q = V2MT =0 and inertia effects
are negligible, then as in Ref. [16], we may seek the deflection w(x,y,t) as separable in time and
space

W(X,y,t) = W(x,y) 7'(t)

where W(x,y) satisfies

and where the function 7'(t), which represents the magnitude of the deflection, satisfies

Nf
D(p )7'(t) - 7'(t) CO _ v(p)) = O.

(27)

(28)

(29)

Here C represents a separation constant. Consequently we see that the "mode shapes" are time
independent and that only their amplitudes vary with time. If N" is strictly constant then, in
accordance with Ref. [16], there exists an upper and a lower critical temperature. The lower
critical temperature corresponds to zero deflection rates while the upper critical temperature
corresponds to an infinite deflection. Setting p = 0 in eqn (29) determines the lower critical
temperature. This gives

Nf
c = (I - v(O»D(O)

(30)
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so that eqn (28) becomes

Nf V2W-0
V"W D(O)( I - p(O» -.
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(31)

Similarly the upper critical temperature is found by setting p = 00 in eqn (20) which sub
sequently gives

(32)

where the notation used is the same as given in Ref. [16]. If the boundary conditions contain
Poisson's ratio (as is the case for simply supported or free edges) then when solving eqn (31) or
(32) we merely replace P by p(O) or p(oo) respectively. For Kelvin and Maxwell material upper
and lower critical buckling loads are expressible in terms of the elastic critical loads. Con
sequently the present analogy indicates a similar relationship for the upper and lower critical
temperatures. This relationship is given in Table I.

Table I.

Material Lower critical temp. Upper critical temp.

Elastic
Maxwell
Kelvin

Standard elastic critical temp.
o Elastic critical temp.

Elastic critical temp. oc

A similar behavior is obtained for viscoelastic columns. The buckling criteria for viscoelastic
columns has been discussed in [18] so that using the analogy discussed above we can
immediately present the upper and lower critical temperatures, for various viscoelastic beams.
Table 2 presents the upper and lower critical values of N!- thus obtained.

Here I and L are the moment of inertia and the length of the beam respectively. In
calculating the lower critical temperature the modulii are evaluated using E.(P) = E.(O), etc.
while for the upper critical temperature we take E1(P) = E1(00), etc. Here the column considered
is simply supported at each end.

The physical interpretation of the critical temperature is the same as for the critical buckling
loads, discussed in[l6-18]. If N!-<its lower critical value the deflection decreases with time. If
Nf equals its lower critical value then the deflection is constant; if the lower critical
value < N,. < upper critical value, the deflection increases with time while if N,. equals its
upper critical value then the deflection is immediately infinite.

Table 2. Critical temperatures for the viscoelastic models illustrated
in Fig. 3

Lower critical value Upper critical value
Model of Nf{I-Jl(O) of N"/I-JI(cr:)

(a) 0
rE,1
IT

(b) 1/'2E,1 ocIT
(c) rE.E21 1/'2E,1

V(E,+E2) -v:-
(d) 0

rE21
IT

(e) 0
91/'2KGI
L~3K+G)

(0 9,,2KGI 9,,2KI
LZ(3K+G) IT

(Here it should be recalled that N is defined as NT = Ea f~ T dz so that the upper and lower
critical values of NT correspond to the upper and lower critical temperatures.)
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(alMaxwell (bl Kelvin (c) 3-pgrameter

(e) Maxwell In Ihear (f) Kelvin in Shear

(dl4-porameter Hydraltotic:ollyelaltic

K=bulk modulus (CDIlstant)

Fig. 3. Various viscoelastic models.

5. A PERTURBATION APPROACH

SO far we have been concerned with the direct application of Berger's technique to the
analysis of the behaviour of plates at elevated temperatures. However. as with all approximate
methods there will be instances when this method does not yield sufficiently accurate solutions.
In this case we may proceed using the perturbation technique presented in Refs. [19, 20]
with a perturbation parameter of IJ..

The governing equations for the classical analysis of thermally heated plates are[lO]

and

where

aNy aNxy = 0
ay ay

Nx = hK(e -lUy) - Nrll - v

Ny = hK(e -lUx) - Nrll- v

(
av au)

Nxy = O.5IJ.Kh ax +ay

(33)

(34)

(35)

(36)

(37)

(38)

and where K = E11- v2 is the plane stress stiffness, e = (au/ax) +(iJv/ay) and IJ. = I-v.
Let us now seek a solution of these equations in the form

'"
U = L lJ."ulI(x,y).

11-0

(39)
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Since J/ is always greater than zero the value of p. is less than unity so that we are in effect
seeking a perturbation solution using a parameter of p.. Substituting eqn (39) into eqns (33H35)
and equating coefficients of equal powers of p. we obtain the foIlowing system of equations for
Wn, Un and Vn, viz. for n =0

a [ NT]- kheo--- =0ax 1- J/

.2-.[kheo- NT ] = 0
ay 1- J/

for n~O

Here we have denoted

E =a""
III ax

In the case n =0 eqns (41) and (42) are readily integrated giving

NT /kheo--= (I)
1- J/

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

where /(/) is an arbitrary function of time. When the edges of the plates are restrained from
horizontal motion the value of the function f(t) is given by N"I- J/ so that the governing
equation for Wo reduces to

(48)

This equation is the same equation as derived using Berger's hypothesis. Consequently we
conclude that the solution of Berger's equations, for the response of thermally heate<! plates,
represents the first term in a perturbation solution and that if more accurate solution is required
then it is necessary to consider more terms in the series expansion given in eqn (39).

6. CONCLUSION

Thus we see that the Berger technique has been shown here to be a convenient method for
obtaining close approximate solutions to the static and dynamic behaviour of heated plates. In
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fact, the work should also apply to cooled plates. The approach may be interpreted both as an
extension of Williams method [8), for the analysis of long narrow plates, and also as a
perturbation technique. Unlike existing techniques this method is simple to apply and makes
use of existing results and routines for plate buckling and vibration. Recently the accuracy of
the method has also been studied by the authors for large amplitude vibration of plates and
membranes [21].
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